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Recently, Denton, Parke, Tao and Zhang posted an article in ArXiv [DPTZ]
presenting a formula for the eigenvectors of a Hermitian n×n matrix A in terms
of the eigenvalues of A and the matrices Mi obtained from removing the i-th row
and column. It turns out that the formula is familiar in different contexts. It is
equation (4.9) in [CG], for example, where the first coordinates of the eigenvectors
(up to phase) are expressed from eigenvalues of A and M1. The key ingredient
is a meromorphic function f(λ) which appears also in a classical proof of the
spectral theorem for operators in Hilbert space [D].
To simplify notation, as in their proofs, denote by M the (n − 1) × (n − 1)
matrix obtained from deletion of the first column and row of A.
Let vi be the first coordinate of a normalized eigenvector associated with the
eigenvalue λi ∈ σ(A). Clearly, |vi|
2 is well defined.
Theorem. |vi|
2 Πn
k=1;k 6=i
(
λi(A)− λk(A)
)
= Πn−1
k=1
(
λi(A)− λk(M)
)
.
Proof: Yet another simplification: we prove a generic case, where A andM have
2n − 1 distinct eigenvalues — for the general case, use density and take limits
of the equation in the statement of the theorem. From the spectral theorem,
A = V ∗ΛV , where the rows of the unitary matrix V are normalized eigenvectors
of A, and Λ is a real, diagonal matrix. By Cramer’s rule,
f(λ) = 〈e1, (A− λI)
−1e1〉 =
det(M − λI)
det(A− λI)
=
Πn−1
k=1
(
λk(M)− λ
)
Πn
k=1
(
λk(A)− λ
) (∗)
and
f(λ) = 〈V e1, (Λ− λI)
−1V e1〉 =
n∑
i=1
|vi|
2
λi(A)− λ
,
The result follows by computing the residues |vi|
2 in equation (∗).
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